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Abstract

Based on the coherence principle of de Finetti and a related notion of gener-
alized coherence (g-coherence), we adopt a probabilistic approach to uncer-
tainty based on conditional probability bounds. Our notion of g-coherence is
equivalent to the “avoiding uniform loss” property for lower and upper prob-
abilities (a la Walley). Moreover, given a g-coherent imprecise assessment
by our algorithms we can correct it obtaining the associated coherent assess-
ment (in the sense of Walley and Williams). As is well known, the problems
of checking g-coherence and propagating tight g-coherent intervals are NP—
and FPNP_complete, respectively, and thus NP—hard. Two notions which
may be helpful to reduce computational effort are those of non relevant gain
and basic set. Exploiting them, our algorithms can use linear systems with
reduced sets of variables and/or linear constraints. In this paper we give some
insights on the notions of non relevant gain and basic set. We consider several
families with three conditional events, obtaining some results characterizing
g-coherence in such cases. We also give some more general results.
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1 Introduction

Among the many symbolic or numerical approaches to the management of uncer-
tain knowledge, the probabilistic treatment of uncertainty by means of precise or
imprecise assessments is a well known formalism often applied in real situations.
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A general framework which allows a consistent management of probabilistic as-
sessments is obtained by resorting to de Finetti’s coherence principle ([2], [7],
[8], [11]), or suitable generalizations of it given for upper and lower probabilities
(1201, [19]). In our approach we adopt the notion of g-coherence (i.e. general-
ized coherence) introduced in [1] (see also [10]), which is weaker than the notion
of coherence given in [19]. Actually, the notion of g-coherence is equivalent to
the property of “avoiding uniform loss” given in [19]. Within our framework, a
given g-coherent assessment can be corrected, obtaining the associated coherent
one, and possibly extended to further conditional events. As is well known, if we
discard the case of conditioning events with zero probability the probabilistic rea-
soning can be reduced to a linear optimization problem (we also point out that
g-coherent probabilistic reasoning generally does not coincide with probabilis-
tic reasoning as in, e.g., [12], [14], when the conditioning event has a non-zero
probability). When conditioning events may have zero lower/upper probability,
the methods presented in the literature (our one too) usually exploit sequences of
linear programs. Among them, a “dual” approach for the extension of lower and
upper previsions, explicitly based on random gains, has been developed in [20].
With the aim of improving the method given in [20], an interesting technique for
computing lower conditional expectations through sequences of pivoting oper-
ations has been proposed in [9]. Roughly speaking, probabilistic reasoning can
be developed by local approaches, based on the iteration of suitable inference
rules, and global ones (the issue of local versus global approaches has been ex-
amined especially in [17], [18]). We recall that probabilistic reasoning based on a
global approach tends to become intractable. Hence, it is worthwhile to examine
any method which try to eliminate or reduce computational difficulties, possibly
finding efficient special-case algorithms. This problem has been faced by many
authors (see, e.g., [5], [7], [8], [9], [12], [14], [20]). Many aspects concerning
the complexity of probabilistic reasoning under coherence have been studied in
[3]. The relationship between coherence-based and model-theoretic probabilis-
tic reasoning has been widely explored in [4]. In [16] an efficient procedure has
been proposed for families of conjunctive conditional events. Such procedure can
be characterized in the framework of coherence introducing suitable notions of
non relevant gains and basic sets ([2]). Exploiting such notions, our algorithms
for g-coherence checking and propagation of conditional probability bounds can
use linear systems with reduced sets of variables and/or constraints. In this pa-
per we illustrate the notions of non relevant gain and basic set, by examining
several examples of families constituted by three conditional events. We obtain
some theoretical results which characterize g-coherence in such particular cases.
In this way, the characterization of g-coherence in the case of larger families
of conditional events should be facilitated. We obtain some necessary and suf-
ficient conditions for the g-coherence of lower probability bounds. We also give
some more general results. Notice that the case of families with three conditional
events may have a specific importance, e.g., in the field of default reasoning where
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many inference rules consist of two premises and one consequence. We also recall
that coherence-based probabilistic reasoning can be reduced to standard reasoning
tasks in model-theoretic probabilistic logic, using concepts from default reason-
ing ([4]). The rest of the paper is organized as follows. In Section 2 we recall
some preliminary concepts. In Section 3 we illustrate the notions of non relevant
gain and basic set and we recall some theoretical results. In Section 4 we con-
sider several cases of families constituted by three conditional events and we give
some necessary and sufficient conditions of g-coherence. In Section 5 we give
some more general results. Finally, in Section 6 we give some conclusions and an
outlook on further developments.

2 Some preliminary concepts

For each integer n, we set J, = {1,...,n}. Given any event E, we denote by the
same symbol its indicator and by E€ its negation. Given a further event H, we de-
note by EH (resp. E'\V H) the conjunction (resp. disjunction) of E and H. Let P be
a conditional probability assessment defined on a family of conditional events K.
Given a finite subfamily ¥, = {E|Hi,...,E,|H,} C K, let B, be the vector
(p1,-..,pn), where p; = P(E;|H;),i € J,. With the pair (F,, ®,) we associate the
random quantity G, = Y ;c;, siH;(E; — p;), with s1,...,s, arbitrary real numbers.
Moreover, we denote by G,|H, the restriction of G,, to #, = H; V ---V H,. Then,
based on the betting scheme, we have

Definition 1 The probability assessment P on X is said coherent if, for every
integer n = 1,2,..., for every subfamily 7, C X and for every real numbers
S1,-.-,Sn, the condition Max G,|H, > 0 is satisfied.

We denote by 4, a vector (01, ...,0,) of lower probability bounds on F,. We say
that the pair (F,,4,) is associated with the set J,.

Definition 2 The vector of lower bounds 4, is g-coherent iff there exists a coher-
ent probability assessment B, = (py,...,pn) on F, such that p; > oy, Vi € J,,.

By expanding the expression A, (E;H;V E{H;V Hf) , we obtain the constituents
associated with F,. We denote by C,...,C,,, where m < 3" — 1, the constituents
contained in #, = \/;c; H;. A further constituent (if it is not impossible) is Co =
}4,0 — Hc . Hc

1 n*
Remark: With the family %, we associate a set L which describe the logical
relationships among the events E;, H;,i € J,. Then, the set of constituents is the set
of those conjunctions i - - - X, With x; € {EiH;, EfH;, Hf },Vi € J,,, which satisfy

the set of logical relations L. Notice that, if L = 0, then m = 3" — 1 and Cy # 0,
i.e. the number of constituents is 3”.

For each constituent C,., r € J,,, we introduce a vector V, = (v,1, ...,V ), where
for each i € J, it is respectively v,; = 1, or v,; = 0, or v;; = Q;, according to
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whether C, C E;H;, or C, C EfH;, or C, C Hf. With the pair (%, 4,) we associate
the random gain G, = Y, siH;(E; — 0;), where s; > 0, Vi € J,,. Moreover, we
denote by
g =GCu(Va) =Y sivi—0i) =Y si(vi— ) (1
i€ty i:C,CH;

the value of G,|#4, associated with C;. We denote by (.S,) the following system
in the unknowns A,’s.

Y Mvizoi, i€dy Y A=1 A>0,Vre,. )

redm r&Jm
Remark: The solvability of (5,) means that there exists a non negative vector
(Ars r € Jp), with ¥, cp A =1, such that ¥, AV, > A4,. In other words, in
the convex hull of the points V,’s there exists a point V* =Y, A,V, such that
V* > 4, (this geometrical approach will be used in the proof of Theorem 4).

As shown in [10], a set of lower bounds A4 defined on X is g-coherent iff, for
every n and for every ¥,, C X, the system (2) is solvable. Moreover, based on a
suitable alternative theorem, it can be shown ([2]) that the solvability of system
(2) is equivalent to the following condition

Max G,|H, > 0. (3)
Then, we have

Proposition 1 A set of lower bounds 4 defined on a family of conditional events
K is g-coherentiff Vn,V F, C K,and Vs; > 0,i € J,, it is Max G,|H, > 0.

We remark that, if the case of zero probability for conditioning events is dis-
carded, then to check g-coherence of the assessment 4, on ¥, it is enough to
check solvability of system (2). However, in our coherence-based approach, some
(or possibly all) conditioning events may have zero probability. Then, to check
g-coherence we should study the solvability of a very large number of systems,
like (2). Actually, we can exploit algorithms which only check (the solvability of)
a small number of linear systems (see, e.g., [1], [2], [5]).

3 Non relevant gains and basic sets

In this section we illustrate the notions of non relevant gain and basic set. Ex-
ploiting such notions, the algorithms for g-coherence checking and propagation
of conditional probability bounds can use linear systems with reduced sets of vari-
ables and/or constraints. We recall some theoretical conditions given in [2].

Definition 3 Let G = {g;} ey, be the set of possible values of the random gain
Gp|#,. Then, a value g, € G is said "not relevant for the checking of condition
(3)”, or in short "not relevant”, if there exists a set 7, C J,, \ {r} such that:

Max {g;}jer, <0 = g, <0. 4)
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Remark: Notice that, in the previous definition, it wouldn’t be equivalent to use
the condition 7, = J,,, \ {r} instead of 7, C J,, \ {r}. In fact, it may happen that (4)
holds with 7, C J,,, \ {r}, so that g, is not relevant, while at the same time it may

be Max {gj}jg]m\{r} > 0.

Definition 4 A set Gr = {g,}rcr, with I C J,,, is said not relevant if, Vr € T,
there exists a set 7 C J,,, \ I such that (4) is satisfied.

Definition 5 A set 7 C J,, is said basic if the following property holds:

Basic Property. For every r € J,, \ T there exists a set T, C 7 such that the con-
dition (4) is satisfied.

A basic set 7 is said minimal if, for every T C T, the set T is not basic.

We observe that Max G,|#H, = Max{g;}jcj, Then, we have
Theorem 1 Let 7 C J,, be a basic set. Then

Max {g;}jes, > 0 <= Max{g;}jcr > 0. )

Remark: We point out that, given a subset 7, if there exists r ¢ 7 such that, for
every T, C 7, the condition (3) is not satisfied, then 7" is not a basic set. Moreover,
we observe that the condition (5) is trivially satisfied for 7" = J,,. Then, as for
T = Jp, the set J,, \ T is empty, we can enlarge the class of basic sets by including
in it J,,, too.

Given r € J,,, and a set 7, C J,,; \ {r}, let us consider the following condition
&< Y ajgjs a;>0,7j€T. ©®
Jj€T

By Definition 3 one has that, if the above condition is satisfied, then g, is not
relevant. The condition (6) can be exploited in general to reduce the number of
variables. The basic idea is illustrated by the following theorem ([2], [5]).

Theorem 2 Let T be a strict subset of the set J,, such that for every r ¢ T there
exists 7, C 7 satisfying the condition (6). Then:

Max {g;}jes,, >0 <= Max{g;}cq >0. @)

Based on the previous result and on suitable alternative theorems, in order to
check g-coherence we can replace () by an equivalent system (5,7 ), which has
a reduced vector of unknowns Ay = (A,; r € T). We denote by Sz the set of
solutions of (S ). Moreover, for each j € J,,, we consider the function QJI-T(AT) =

ZreT:CrgHj Ar. We denote by IOT the (strict) subset of J,, defined as
I ={j€Jy : Mj=Maxp,cs,®7 (Ar) =0} )

and by ( TO(I, ﬂloT) the pair associated with I(()I . Then, to check g-coherence of 4,
we can exploit the following result ([2]).



Biazzo et al.: Some Results on G-Coherence of Probability Bounds 67

Theorem 3 The imprecise assessment 4, on 7, is g-coherent if and only if:
1) the system (,7) is solvable; 2)if I # 0, then 4 is g-coherent.

Note that, if |Ij | = 1, say I = {h}, then 4] = (o) and the g-coherence of 4
simply amounts to the condition: oy, < 1.

4 Some results on g-coherence of lower probability
bounds for families of three conditional events

In this section we will illustrate the notions of non relevant gain and basic set
by examining several examples which concern particular families of three condi-
tional events.

Remark: We recall that such kind of families may be relevant in the field of
default reasoning, where many inference rules are associated with two premises
and one conclusion. As an example, with the following basic inference rules of
System P ([15])

ARB,ARC — A BC, (And),
ARC,ANB = ABKC, (Cautious Monotonicity),

ANC,BC = AVBK~C,  (Or),
are associated, respectively, the following families of conditional events
{B|A, C|A,BC|A}; {C|A, BJA,C|AB}; {C|A,C|B,C|(AVB)}.

We also note that the theoretical results obtained in the case n = 3 may be useful
in establishing more general results when n > 3.

In what follows, to avoid the analysis of trivial or particular cases, we assume
OCEH CH, O0<o <1, Vi.

Then, for each r € J,,,, as o; < 1, if v;; = 1 for some i, it follows C, C E;H;.
Let 43 = (a1, 02, 03) be a vector of lower bounds on ¥3 = {E| |H,Ez|H>,E3|H3}.
Given the set V = {Vy,...,V,,}, we define

W={V,eV:v; #0Niel,} 9)

and, for each V,, € W,
N, ={i€Jy:C, CHY}. (10)

Of course, N, C J,. Then, we define

Vy={V,e W:|N|=h},h=0,1,....n—1. (11)
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With each V, € V, r € J,;, we associate the set N, defined in (10) and the set
M, ={ieJ,:v;=0}. (12)

Then, introducing the set I = {(h,k) : h=0,...,n—1; k=1,...,n}, we define
the sets
Uk ={Vr eV : INJ|=h, |M,/|=k}, (hk)el. (13)

We observe that, if the sets U}, o were defined, then recalling (11) we would have
Vh = Upp. Then, recalling (9), we have

n—1
V= WU( U ‘Uh,k):(U %)U(Uuh,k)- (14)
h=0 h.k

(hjel
As n =3, the set of vectors ¥ = {Vy,...,V,,}, where m < 26, is a subset of the set
{(1,1,1),(1,1,03), (1,0, 1), (01, 1,1),...,(01,0,0), (0,002,0), (0,0, 03),(0,0,0) } .
By (14), we have
V=1NUNUTAU U1 UU1UUpoU U 1UU U U3, (15)

where

YW {(1,1,)}, Y C{(1,1,03),(1,00,1),(0ts,1,1)},

V5 C{(L,00,03), (o, 1,03), (0t1,00,1)},  Up1 € {(1,1,0),(1,0,1),(0,1,1)},
U1 C{(1,02,0),(1,0,03), (ct1,1,0),(0,1,03), (0t1,0,1),(0,02,1), } ,

Up» € {(1,0,0),(0,1,0),(0,0,1)}, U1 C {(ou,02,0),(0t,0,03),(0,00,03)},

Uip C {(0(.1,0,0),(0,0(2,0),(0,0,063)} , U3 C {(0,0,0)} .

Remark: Notice that each given set of logical relationships L among the events
E; H;,i =1,2,3, determines a particular representation (15) for the set of vectors
7. Then, in what follows, instead of assigning the set L, we directly assume some
hypotheses on the subsets 7),’s and Upx’s. We list below some sufficient condi-
tions, proved in [6], for g-coherence of the vector of lower bounds 43 on 73.

Lo |Wl=1; 2 %=0,|%>1; 3 %=%=0%[>2;

4. V=N = 0, TV = {(1,062,063)}7 E,H>E3H3 \/E2H2H3C\/H2CE3H3 0.
Some further conditions obtained in [6] are given below.

50 f W="=0,1= {(1,00,03)}, ExH,E3H3 = E2H2H§ = H5E3H3 =0,
then A3 is g-coherentiff oy +o3 < 1.

6. UW=Y=1=0, oy+ay+03>2 = A3 not g-coherent.
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7. T UN=YN=1=0, |U,.| =3, oy <1,Vi, then: a) there exists a basic set
T, with | 7| = 3; b) 43 is g-coherent iff o + 0 + a3 < 2.
8. U =N=1= uO,l = {al,l =0, UO,Z = {(17070)7(07170)7(07()’ 1))}7
o; < 1, Vi, then:
a)ifoy+op, <1,0y+03<1,0p+03 <1,then T ={1,2,3} is a basic set;
b) A3 is g-coherent iff o + 0 + 03 < 1.

Now we give further results concerning the case n = 3. Besides providing
a better understanding of the notions of basic set and non relevant gain, these
results permit in particular the deepening of the condition (6). In next theorem the
hypotheses concerning the set of logical relations L specify that the conjunctions

E\H\ExHyE3H3, E\H EoHoHS, E\H\HSE3H3, HiE,HRE3H3,
E\H HSHS HSE,HoHS,  HCHSE3Hs,  ESHy\EyH,EsHs

are impossible, while the conjunctions
E\H\E;HESHs, E\H\E5HEsH;, E{H\E,H H5, E{H\H;E3H3

are possible. Then, concerning the number m of unknowns in the system (.53), one
has: 4 <m < 18. Actually, we will use a system (537 ) with only 3 or 4 unknowns.

Theorem 4 If 1h =1 =15=0, Uy ={V1,Vo} ={(1,1,0),(1,0,1)},{V3,V4} =
{(0,1,03),(0,02,1)} C Uy 1, 0 < o < 1, Vi, then one has:

a) for every r > 4, the gain g, is not relevant;

b)ifa;+op <1,oron+o03 < 1,or o + o3 < 1, then there exists a basic set 7,
with | 7| < 3, and 43 is g-coherent;

coifaj+ox>1,00+03 > 1,0 +03 > 1, then A3 is g-coherent iff

ooz +0o <1, or aiop+o3<I.

Proof. a) by the hypotheses, it follows that for each V, € ¥, with r > 4,
there exists h € {1,2,3,4} such that V, < Vj; hence g, is not relevant. Then,
T ={1,2,3,4} is a basic set.

In order to study the g-coherence of A3, we first determine the gains associated
with the vectors V1, V,, V3, V4. Recalling (1), these gains are respectively

g1 =s1(1—o)+s2(1 —on) —s303, g2 =s1(1—0y)—s200+s3(1—03),
g3 = —S10C]+S2(1—0L2), g4 = —S](X1+S3(1—(X3).

We also need the equations of the planes 71, T2, T3, T4, containing respectively
the triangles V1Vo Vs, ViVaVa, ViV3Va, VoVaVy, which are given below

T ogx+y+tz=1+03; T o3(l—op)r+(I—0a)y+(1—on)z=1-0005;
T opx+y+z=1+0; Mg op(l—o3)x+(1—03)y+(1—-02)z=1—0r03.
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The intersection points of the segment (x,02,03), 0 <x < 1, with the planes 7;

and T, are respectively V;* = (1&—?2,&2, 03) and V;* = (1&2‘3 , 0y, 03 ). Moreover,

Vi>A = oqosz+op<l1; V>4 <— oom+oaz<l.
The intersection point of the segment (0,y,d3), 0 <y <1, with the plane 73 is

‘/)f:(a1,w1ai—w,a3)2ﬂ3, Yoy €[0,1].

The intersection point of the segment (ot;,0,z), 0 <z < 1, with the plane 74 is

%*Z(Gl,az,%W)2ﬂ3, Yoz €l0,1].

b.1) assume that oi; + 0» < 1 and consider the set
1—00 (0.5

1—a 1—a
S={(a,b) :a> , 1+ a<b< lg——— 1
1—0oy —o00n 1—0kn o (05]

Y.

We have: a>0, b>0, agr+bgs > g1, V(a,b) €S. Then, g is not relevant
and 7 = {2,3,4} is a basic set. Moreover, V* = A V2 4+ A3V3 + A4V , with

(03105} 1—0o5 —o00n

y M=—"7"7"7""
1—0op 1—0op
We recall that 0 < o; < 1,i=1,2,3,s0that A, >0, A3 >0, A4 > 0. Then, the
vector (A2,A3,A4) is a solution of the system (537 ), with |I(r)r | <1, and hence, by
Theorem 3, A3 is g-coherent.
b.2) assume that o; + 03 < 1 and consider the sets

M=o, M=

1—0p— a3+ oo o 1—a 11—
Si={(a,b) : 0<a< 205+ % 3, 3 a<b< 20— 2};
1—00n—03 1—o03 o (05]
1= {(1,8) : 0<yg RBUZ®) 1y B 5 1w,
2= ' Vs 1—0n—03 ’ 1—(X3Y_ %) V-

For each (a,b) € S1, (V,3) € S2, one has
a>03 b>07 Y>0> 8>07 ag1+bg22g37 Ygl+8g22g4

Then, g3 and g4 are not relevant and 7 = {1,2} is a basic set. Moreover, defining
V= (17(12, 1 —0(2), 7\,1 =0, 7\,2 =1 — 0, one has

V*Z(I,OLQ,OC3)Z.Q[3; Vi=MVi+MVa, A >0, >0, Mi+d=1.

Then, the vector (A1, Az) is a solution of the system (537 ), with 16[ =0, and hence,

by Theorem 3, A3 is g-coherent.

b.3) assume that oi; + a3 < 1 and consider the set
1—o03 o3

1—a 1—a
S={(a,b) :a> , 1+ a<b< lg——— 1
1—0oy —03 1—o03 o (05]

Y.
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We have: a >0, b>0, agi+bgs > g2, V(a,b) € S. Then, g, is not relevant
and 7 = {1,3,4} is a basic set. Moreover, vy = MVi+A3V3 + AgVy, with

— (o +03)

1
M=a; >0, A3= >0, hy= 1%

>0.
1—o3 - 1—o3

Then, the vector (A1,A3,A4) is a solution of the system (Sy ), with |I]| < 1, and
hence, by Theorem 3, 43 is g-coherent. Therefore, under the condition

a+o <1, or cp+o3<1, or ay+03<1,

A3 is g-coherent.
c)assume that ot + 0 > 1, ap +03 > 1, o +03 > 1.
c.)ifoyos + o < 1, then V" > 43. Moreover, V,\ =AMV + A Vs + A3V, with

1— 1-— —1
7»1:M>0, M=1-0>0, M:M
o3 o3

>0.

Then, considering the basic set 7 = {1,2,3,4}, the vector (A;,A2,A3,0) is a solu-
tion of the system (537 ), with I(()I =0, and hence, by Theorem 3, A3 is g-coherent.
c.2)if o + a3 < 1, then V;* > 43. Moreover, V,”* = A V| + AV + A4 Vs, with

(1—062)(1—063) >0, hy = o +o3—1

7\,121—0(,3>07 7\,22
(0753 (€5

>0.

Then, considering the basic set 7 = {1,2,3,4}, the vector (A;,A2,0,A4) is a solu-
tion of the system (537 ), with I(()I =0, and hence, by Theorem 3, 43 is g-coherent.
c.3) assume that a0 + 03 > 1, 0103 + 0 > 1, and let us make the (absurd) hy-
pothesis that 43 were g-coherent. Then, considering the basic set 7 = {1,2,3,4},
the system (S;T ) should be solvable and hence, for suitable non negative values
AlyeooyAg, with A +--- 4+ A4 = 1, defining

Vi =MVi4+MVa+MVa+AaVa = (A + A2, A+ A3+ 0ohg, A +0i3A3 + Aa)
it should be: V* > 43, that is

M+2 > ou; M+As > 0—0Ahs; Ar+As > o3(Ai+ra+Md), (16)
or, equivalently

MAA > o5 AM+A>omM+A+A3); Aa+As > az—o3h3.  (17)

Then, assuming o3 — 0z > 0 and recalling that o,; 03 + 0 > 1, by summing the
last two inequalities in (16) we would obtain

1> o03(M+2A2) 400+ (03 —02)Aa > ajoz+02+ (03— dp)Ag > 1,
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which is absurd. On the other hand, assuming 03 — 02 < 0 and recalling that
010 + 03 > 1, by summing the last two inequalities in (17) we would obtain

1> 062(7\,14—7\,2)-1-()(34—(062—0(3)7\,3 > 0(10(2—1—003-}-(0(2—063)7\,3 > 1,

which is absurd too. Hence, (537 ) is not solvable and 43 is not g-coherent. a

We observe that the hypotheses concerning the set of logical relations L can be
modified in many ways. Then, by the same reasoning as in Theorem 4, we obtain
many similar results, which we give without proof in the remaining part of this
section (the proofs of these results can be found in [6]).

Theorem 5 If ¥ =Y, =1 =0, U = {Vi,Vo} = {(1,1,0),(1,0,1)},V3 =
0,1,03) € Uy 1,(0,00,1) ¢ Uy 1, 0 < 1,Vi, then one has:

a) for every r > 3, the gain g, is not relevant;

b) if oy + o3 < I, then there exists a basic set T, with |7| =2, and 43 is
g-coherent;

c) if oy + 03 > 1, then A3 is g-coherent iff ojo3+ 0 < 1.

Theorem 6 If 1) = 1V, = 15 =0, Up,1 = {V1} = {(1, 1,0)},{V2,V3,V4,V5} =
{(01,0,1),(0,000,1),(1,0,03),(0,1,03) } € Uy 1, & < 1,Yi, then one has:

a) for every r > 5, the gain g, is not relevant;

b) if oy + 0 < 1, then there exists a basic set 7, with |7| =4, and 43 is
g-coherent.

c)if oy + o > 1, then A3 is g-coherent iff

o + 0p — 2001 0lp

o3 < Max{
Ol + Olp — 01 0

, 1 —ap+ o003 — o003, 1 — 061063} .

Remark: We observe that, by suitably modifying the hypotheses in Theorems 4,
5, and 6, we obtain similar results on non relevant gains and basic sets, with fur-
ther conditions characterizing the g-coherence of the assessment 43 on #3. As an
example, by Theorem 4, still assuming 7 = V] = 95 = 0, under the hypotheses

Up,1 = {V1,V2} = {(1,1,0),(0,1,1)}, {V3,V4} = {(1,0,0(3),(0(1,0, 1)} CcU,,

we obtain a new result, which is similar to such theorem, and so on.

Theorem7 If 1) =1, =1 = Up =0, U1 = {V1,Va,V3,V4, V5, Vs } =
{(1,02,0),(1,0,03), (011, 1,0),(0,1,03), (01,0,1),(0,002,1))}, o; < 1, Vi, then one
has:

a) for every r > 6, the gain g, is not relevant;

b)ifa;+op <1,oroq +0o3 <1, o0r o+ oz < 1, then there exists a basic set 7,
with |T| = 4, and 43 is g-coherent.

c)ifag+op > 1,0 4+ 03 > 1,0+ 03 > 1, then 43 is not g-coherent.
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Theorem8 If 1 = V| = 17 = Uy =0, Uy = {Vl,Vz,V3,V4} =
{(1,0,0), (01, 1,0), (01,0,1),(0,02,1))}, o; < 1Vi, then one has:

a) for every r > 4, the gain g, is not relevant;

b)if o + 03 < 1, or oz + a3 < 1, then there exists a basic set T, with | 7| = 2,
and 43 is g-coherent.

c)if oy +03 > 1, 0 + 03 > 1, then A3 is not g-coherent.

Theorem9 If 1) = V¥, = 1, = U, =0, U, = {Vi,Va,V3,V4} =
{(1,0,03),(0,1,03), (01,1,0), (011,0,1))}, o; < 1V, then one has:

a) for every r > 4, the gain g, is not relevant;

b)if o + 0 < 1, or oz + a3 < 1, then there exists a basic set T, with | 7| = 2,
and A3 is g-coherent.

c)if oy + 0o > 1, 0p + 03 > 1, then 43 is not g-coherent.

Theorem 10 If 1) = V|, = 1 = Uy =0, U = {Vi,V2,V3,V4} =
{(1,0,03),(0,1,03),(1,0,0),(0,02,1))}, o; < 1Vi, then one has:

a) for every r > 4, the gain g, is not relevant;

b)if a; +0n < 1, or a; + o3 < 1, then there exists a basic set 7, with | 7| =2,
and 43 is g-coherent.

c)if oy +0p > 1, 0p + 03 > 1, then A3 is not g-coherent.

S Some general results

In this section we give some theorems on g-coherence of a vector of lower prob-
ability bounds 4, defined on a family of n conditional events ¥,. Notice that
detailed proofs of all theorems presented in this section are given in [6].

In the next theorem we generalize the condition 6 in Remark 4. In such theorem
the set of logical relations L specifies that the conjunctions

E\Hy ---E,H,, E\Hy---E, \H, \HS, ..., HE;H,---EH,,
E\Hy - EyoHyoHS (HS. ... HHSE3Hs - EyHyp, .. ... ,
E\H\HS - HS, ... HS---HS E.H,

are impossible. Then, under such hypotheses, the condition oty +---+ o, <n—1
is necessary for the g-coherence of 4.

Theorem 11 If V)=V, =---=%,_1=0and o +---+ 0, >n—1, then 4, is
not g-coherent.

In the next theorem we generalize the condition 7 given in Remark 4.

Theorem 12 If U =---=,_1 =0, |U.1| =n, 0 < oy < 1Vi, then one has:
a) there exists a basic set 7, with |T| = n;
b) 4, is g-coherent iff o + .-+ 0o, <n—1.
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We denote by Z the set defined as
Z=A{(hk):h+k=n—1,h>0}U{(hk): h+k<n—1}.
Then, we have

Theorem 13 If 1) =--- = 1),_; =0, Uy = 0 for each (h,k) € Z, and
oy +---+ 0o, > 1, then 4, is not g-coherent.

The next result generalizes the condition 8 in Remark 4.

Theorem 14 If 1 =---=V},_1 =0, Uy = 0, for each pair (h,k) € 2, | Uy n—1| =
n, 0 < o; < 1Vi, then one has:

a) if, for every j € J,, it is Ziejn\{j} o; <1, then T = J, is a basic set;

b) 4, is g-coherent iff o; +---+ o, < 1.

6 Conclusions

Exploiting the coherence principle of de Finetti and the related notion of g-coherence,
we illustrated a probabilistic approach to uncertain reasoning based on lower
probability bounds. We examined the notions of non relevant gain and basic set
which may be helpful, in g-coherence checking and propagation of conditional
probability bounds, to reduce the sets of variables and/or constraints in the linear
systems used in our algorithms. We observe that such notions and in particular
the condition (6), in the form g, =} jcq, g, have been used in ([3], Theorem 5.6)
to characterize in term of random gains an efficient procedure proposed in [16]
for families of conjunctive conditional events. To provide a better understanding
of these notions, we examined several examples of families constituted by three
conditional events. This case may have a specific importance, e.g., in default rea-
soning where many inference rules consist of two premises and one conclusion.
We obtained some necessary and sufficient conditions of g-coherence and we also
generalized some theoretical results. Further work should allow to extend the re-
sults of this paper to the case of families of n conditional events, with n > 3.
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