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Abstract

The European call option prices have well-known formulae in the Cox-Ross-
Rubinstein model [2], depending on the volatility of the underlying asset.
Nevertheless it is hard to give a precise estimate of this volatility. S. Muzzioli
and C. Toricelli [6] handle this problem by using possibility distributions. In
the first part of our paper we make some critical comments on their work. In
the second part we present an alternative solution to the problem by perform-
ing a sensitivity analysis for the pricing of the option. This method is very
general in the sense that it can be applied if one describes the uncertainty in
the volatility by confidence intervals as well as if one describes it by fuzzy
numbers. The conclusion is that the price of the option is not necessarily a
strictly increasing function of the volatility.
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1 Introduction

In the first section of this paper we introduce the Cox-Ross-Rubinstein model [2]
for the pricing of a European call option and the assumptions which are made.
The well-known formula for the option price depends on the volatility of the un-
derlying asset. However in practice it is hard to give a precise estimate of this
volatility. S. Muzzioli and C. Toricelli [6] handle this problem by using possibil-
ity distributions. In the first part of our paper we make some critical comments on
their work. In the second part we present an alternative solution to the problem
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by performing a sensitivity analysis for the pricing of the option. This method is
very general in the sense that it can be applied if one describes the uncertainty in
the volatility by confidence intervals as well as if one describes it by fuzzy num-
bers. Indeed, in both approaches the imprecise volatility results in imprecise up
and down factors. Those factors are modelled by a fuzzy quantity or are said to
belong to a confidence interval.

We consider the case where the down factor is the inverse of the up factor. The
lifetime of the option is divided into N steps of length 7/N. Then we need to
study the behaviour of the option price as a function of the up factor in an inter-
val, which is a subset of |(1+47)7/N 4-co[, where r stands for the risk-free interest
rate. Therefore we study the functional behaviour of the option price for all pos-
sible values of the up factor.

Finally, we illustrate the method by an example with a fuzzy up factor.

2 The binary tree model

The binary tree model of Cox-Ross-Rubinstein [2] can be considered as a discrete-
time version of the Black & Scholes model [1]. The following assumptions are
made:

e The markets have no transaction costs, no taxes, no restrictions on short
sales, and assets are infinitely divisible.

e The lifetime T of the option is divided into N steps of length T'/N.
e The market is complete.

e No arbitrage opportunities are allowed which implies for the risk-free rate
of interest r, that d < (14 r)7/N < u, where u is the up factor and d the
down factor.

The European call option price at time zero, has a well-known formula in this
model:

1 Y /N ; CON_
EC(K,T) = s Y (J) pi(1=p)" 7 (Sow/d" 7 —K) , (1)
Jj=0

where K is the exercise (or strike) price, Sp is the price of the underlying asset

at time the contract begins, p, the risk-neutral probability that the price goes up

with the factor u = exp(c+/T/N), with G the volatility of the underlying asset.

Let p, be the risk-neutral probability that the price goes down with the factor d.

We assume that d = 1 /u. It is known that p, and p, are solutions to the system:
PutPd= 1 2)
dpa+upy = (1+r)T/N.
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The solutions are:

(1+n)"N—d  (1+n"Nu—1

Pu = u—d W2_1 (3)
u—(1+n"N - (14+7)"/Ny
pa = oD _w o U4 w @
u—d us—1

3 Critical Analysis of the paper ‘A Multiperiod Bi-
nomial Model for Pricing Options in an Uncertain
World’ by S. Muzzioli and C. Torricelli

S. Muzzioli and C. Torricelli [6] state: ‘There are different methods for estimating
volatility either from historical data, or from option prices. Sometimes it is hard
to give a precise estimate of the volatility of the underlying asset and it may be
convenient to let it take interval values. Moreover, it may be the case that not all
members of the interval have the same reliability, as central members are more
possible then the ones near the borders. This is exactly the idea behind our model,
but instead of modelling volatility as a fuzzy quantity, we directly model the up
and down jumps of the stock price.’

Instead of modelling the volatility as a fuzzy quantity, S. Muzzioli and C. Tor-
ricelli model directly the up and down factors u and d as the fuzzy numbers
(u1,u2,u3) and (dy,da,ds), where u; (resp d) is the minimum possible value,
u3 (resp dz) is the maximum possible value and u; (resp d») is the most possible
value. A triangular fuzzy number (a;,az,a3) can alternatively be defined by its
o-cuts [a1(0),a3(an)], o € [0,1]:

[a1 (Gz),a3 (062)] = [a1 + (X(az - a1)7a3 — Oc(a3 — az)].

In fact a fuzzy quantity is completely defined by its o-cuts. Consider intervals
[a1(a),a3(a)], a € [0,1], where

oy <o far(on),az(on)] C far(on),a3(0n)],

then the intervals [a; (@), a3(a)] are the a-cuts of the fuzzy quantity a,

a(x) = sup min{oc, 1[a1(0c),a3(oc)] (x)}, x € R.
oeg0,1]

Since the a-cuts of a triangular fuzzy number are compact intervals of the set of
real numbers, the interval calculus of Moore [5] can be applied to them. Thus
every binary operation in R can be extended to a binary operation on the set of
fuzzy numbers.

S. Muzzioli and C. Torricelli consider a binary tree with 1 period,i.e. T =N = 1.
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A fuzzy version of the two equations of the system (2) should be introduced. This
can be done (for each equation) in two different ways:

Pu +Pd = (1a 1a 1)
Pu = (17171)_pd

respectively

dpg+up,=(1+nrnl+nrl+r)
upy=(1+nrl1+nl+r)—dpy

where p, and p, are the fuzzy up and down probabilities ((p,)1, ((pu)2,((pu)3)

and (((pa)1; ((pa)2, ((pa)3)-
S. Muzzioli and C. Torricelli choose for both equations the first form. However,

one has to take into account that p, and p, are fuzzy probabilities and therefore
one should use the second form for the first equation. For the second equation in
(2) the first form should be taken since the left-hand side is an expectation.

Thus the correct solution is obtained by extending the system (2) to

Pu= (17171)_pd
dpg+up,=(1+rl+nrl+r).

Expressed in a-cuts and keeping in mind that the operations are binary operations
on fuzzy numbers, see e.g. E. Kerre [3], this leads to the system:

[(Pu)1 (@), (pu)3 ()] = [1,1] = [(pa)1 (), (Pa)3 ()]
[di (), d3(a)][(pa)1 (@), (pa)3 ()] + [ur(0t), uz (W)][(pu)1 (), (Pu)3 ()]
[

=[l4+rl+r]
(Pu1(a) =1 (pa)3(a)
(Pu)3(a) =1—(pa)i (o)
di(a)(pa)i(a) +ur(o)(pu)i(a) =1+r
ds(0)(pa)3 () +us (o) (pu)3(a) = 1+

The correct solution to this system is:

iy () (da(o0) s () (1) (0)-+u3(00)
(pu)i (@) = 4 *sj(a);;z;;,m(a T —
()3 (@) — Bl (o) Filo)) (17 Ea(a )
P (L) A ) o o ) s 0)
(Pd)l((x) = (s )<d3(dl)($)1}3((a))7ullgagl@??))+ 3( S
r o uz (o)) —uz (o o up(o
(Pa)s(@) = 0 (o500 (s (0)
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One can easily prove that for o0 = 1:

_ (I4r)—dy
{(m)z— et

Uy — (1+r)
(Pd )2 uy—dy

and for oo = 0:
_ di(ds+tus) (1+r (d1+u3)
(pu)l - dids—
_ ds(d1+u1 (1+r (d3+u1)
(pu)3 = () d\dy )u1u3( )
1+r)(d3+uy)—uy(d3+uz
(pa)1 = y dids jum( )
(14-r)(dy+u3)—u3(dy +uy
(pd) didz—ujus :

Next S. Muzzioli and C. Torricelli calculate the price of the option in the one
period model. They assume that the exercise price is between the highest value of
the underlying asset in state down and the lowest value of the underlying asset in
state up,

Sods < K < Souy (5)

in which case the calculations are very simple. The aim of their next section is to
extend the pricing methodology to a two period and then to a multi period binary
model. The condition (5) is extended as follows:

Sod) Ml T <K < Spafu) T j=0,...,N-1

which is impossible since K can not be an element of those N intervals. Even if
one changes the condition to

3 €{0,...,N—1}:Sod] ™y 71 < K < Sod]ul 7

the condition is not always fulfilled since one can easily prove (for example in
the crisp case with d = 1/u) that Sod "'y /™" is not always less then Sod/u})
Even if this is the case, there are no economlc reasons why the exercise price
would not be out of the mentioned intervals.

Finally, they calculate the price of the option in one special situation of the two
period model and remark that the extension to N periods is straightforward, which
is not the case as we will see in what follows.

A last remark concerns the number of periods. S. Muzzioli and C. Torricelli ex-
tend the number of periods without explicitly mentioning that at the same time
one should fix the lifetime of the option. Otherwise when the lifetime equals the
number N of periods and N is increased, another option is considered at each step.
Hence, if one models one and the same option, one has to fix the lifetime 7" and
divide T in N subperiods of length 7 /N. Then increasing the number N of steps
implies at the same time a decrease of the steplength.

This is also the way to proceed in order to be able to consider the important limit
problem.
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4 Imprecise volatility and the pricing of a European
Call Option

The change of the price S; of the underlying asset at time t can be modelled as in
[4] by
Stt1=8&+15

where &, 1 is a sequence taking values in a compact set M. We are interested
in the special case where M consists only of two elements, its upper and lower
bounds u and d. Those up and down factors depend on the volatility 6. As we
already mentioned, it is often hard to give a precise estimate of the volatility. This
problem can be avoided either by giving a confidence interval of the volatility or
by modelling the volatility by a fuzzy quantity.

Imprecise volatility implies imprecision in the up (and down) factors. Under the
assumptions of section 2 the (confidence or ¢-cut) intervals, to which the up fac-
tor, belongs, are subsets of ](1 +7)7/N, +eo[. We study the behaviour of the price
of a European call option for all possible values of the up factor. In sections
5, 6 and 7 we also need to include the border case where the up factor equals
(14 r)T/N_ Therefore we define the up factor as u;:

w=1+nTN4x,  AeRT
If we invoke (3), the risk-neutral probability, p,, that the price goes up, is

()TN —1

Pr = Mi—l
The price G (K) of the option is:
1 T
G(K) = WE[(SA—K)H

1 il 2j-N N

T O Y (Sou” " = K) 4 - PIX;! = ]

Jj=0
S N T (N> ORI VA )
(1+r)Tj:j; oUy j Py, Pr

where X{V is the number of ups in the lifetime 7 and Souij N_Kis positive for
J= s
Consider a confidence interval, [ug,u1] C](1+r)7/N, 40|, of the up factor with
wp = (147N
u = (141N 4u,.
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If uy € [uo,u1],u € [0, 1] then
wy = pug+ (1 —p)u
= (140" 4 20) + (1=p) (10N + 1)
= (14+)"N 4 [uho+ (1 — p)\i]
= (141N 42 ().
The price of the option belongs to the interval

in Cy«(,n(K Cy+(,n (K.
[,g(lﬂ] e () %yfél[gﬁ] () (K]

Suppose the imprecise volatility is described by using a fuzzy quantity, (u1,uz,us),
ut,uz,u3 €)(14r)7/N, 4oof, with

u = (l—l—r)T/N—i—?ul
u = (1+r)T/N—|—7u2
wy = (14+nTN 42,

for the up factor. An o-cut, o € [0, 1], is the interval:

[ul + (uz—ul)(x,u3 + (I/lz — ug)(x] =
(47N 0+ oo =), (1+ 1)V 405+ a(ha — A3)).

An element of this interval can be described by

ul(1+ )TN L+ oo =)+ (1 =) [+ 403+ a(ha — A3)]
=1+ a4+ oo =)+ (1 —p)(As+ ok —A3))
= (140" 40w, pelo1].

The a-cut, o € [0, 1], of the option price is:

in Cyx(n(K Cyx (1 (K)]. 7
[ylen[(lfll] () ( %;ggﬁ] () (K] (7

It is clear that, for the method with confidence intervals as well as for the method
using fuzzy quantities, the behaviour of Cy (K) as function of u, should be studied.
This is the subject of the following sections.

5 Definitions, notations and lemmas

The function is broken up in its basic elements: first the (up and down) probabili-
ties are considered, then their products and finally their products with the up and
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down factors. The risk-neutral probability, p;, is a decreasing function of u;. For
uy, = (1+r)T/N this probability is one and

lim =0.
Uy, —+o0 P

And one obtains p* = 0.5 for

u =u"= (1+r)T/N—|— (1+47)2T/N 1.

The probability 1 — p, is an increasing function of u;.

The function p (1 — py ) has a maximum for uy, = u*. It is zero for uy = (1+7)
and in the limit for uy — oo.

The function uy p), attains a minimum for u) = u*. It is equal to (1 + r)T/ N for
uy, = (14 7r)7/N and in the limit for ) — +oo.

The function u, 1(1 — p)) attains a maximum for uy = u*. It is zero for u) =
(14 r)"/N and in the limit for iy — oo

One can prove that

T/N

1-2py,
/ = =
(”ka) = “i 1

—(, (1= p))"

6 Functional behaviour of the functions C; (2, j) and
G (7\'7 ] K )

In the next section we will examine the functional behaviour of each term in the
sum (6). Those terms consist of twg parts, namely Cy (A, j) = SouiFN (7)pi(1 —
p)V 7 and C;(A, j,K) = —K(I}I)pi(l — pp)V /. Those functions are first exam-
ined separately, regardless the sign of their sum.

The derivative of the function Cy (), j) with respect to uy, uy € [(1+7)7/N, +oo],
is:

o (7 | ‘ 1-2
_ Lf{ a1 (1= 00— ot )~ i) L 22
A

which implies that:

o If j < N/2 then j(l1 —p;;i—u%p;) —Nuipx < 0 and the function C; (A, j)
attains a maximum for uy = u*. It is zero for uy = (14 r)"/N and in the
limit for uy, — +oo.

e If N/2 < j < N then the expression j(1 — pj + uip;h) —Nu%p;L
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— is negative for all uy, if moreover (1+7)"/N < —~__ and the func-

T 2V(N=j)i

tion C (A, j) attains a maximum for uy = u*.
_ T/N __N F_
if (1+7) 2\/— j=floor(N/2+1)

(a) the expression is negative for j > 7T/N and the function C; (A, j)

2(1+r)
attains a maximum for u) = u*

. . < Nu*
(b) the expression has two roots for j < e
Those roots are:

N+ /N> —4(N - j)j(1+r)?T Y

v 2N )1+ )T
~  N—/N2—4(N—j)j(l+r)2/N
“2(]) - 2(N-j)(1+r)T/N

with u; () > u* > ua(j) > (1+r)T/N

and if u; (j) = u2(j) then u; (j) = ua(j) = u*.

The function C; (A, j) attains a maximum for u) = u» () and for u; =
u(j). It attains a minimum for u) = u*.

— The function Cy (L, ) is zero for uy, = (1+ )"/~ and in the limit for
Uy, — —+oo.

e if j = N then the function equals So(uyp; )" and it attains a minimum for
uy, = u*. The function C; (1, j) is equal to So(1+ r)7 for uy, = (1 +r)T/¥
and in the limit for uy, — +oo.

The derivative of the function C2(A, j,K),0 < j < N, with respect to u;, is:

(G2 (A j,K)) = —K(Aj’ ) G=Npop, (= p )V () ©

The factor (j — Np; ) has two roots for all j:

N(1+r)"N 4 /N> (1+ )TN —4j(N — )

ui(j) = 2
L N +7)T/N —\/N2(1 4 r)2T/N —4j(N — j)
“2(]) = 2

but u3(j) < (1+r)T/N.

The function attains a minimum for uy = uj(j). If j <N/2 then uj(j) > u* and
if j > N/2 then u}(j) < u*. The function is zero for u; = (1+r)"/" and in the
limit for u) — +oo.

The function is decreasing for j = 0. It is zero for uy = (1+ r)T/ N and equal to



476 ISIPTA °03

—K in the limit for uy — —oo.
The function C2 (A, j,K) increases for j = N. Itis equal to —K for uy = (1+7r)
and zero in the limit for u) — +oo.

T/N

7 The branches of the binary tree considered sepa-
rately

Each term in the sum corresponds to a branch in the binary tree. Such a term
dependson j,j=0,...,N, and K, and is function of A:

Cr(j. K) = (Sou*’ N - K) (]JV) pi(1—p)N .

The functional behaviour of G, (j,K) is examined regardless of its sign.
Noting that
CK(JaK) =C O“a]) +C20\‘5J7K)

the derivative of G, (j,K) with respect to u; can be calculated by invoking (8) and
9):

N . -~ i1 1. 1_2177»
oY) ) 0= p) T 1 = ki)~ M) L2
A

—K(f ) G=Nppl ™ (1= p)¥ 7 ()

In those intervals where both derivatives (8) and (9) have the same sign or for
those values of uj where one of the derivatives is zero, one can immediately con-
clude from section 6 if the term is decreasing or increasing.

On the other hand we can draw conclusions about the functional behaviour of the
term by remarking that we studied the functional behaviour of Soui’ - multiplied

by (17 ) p)’L( 1—- p;fN) and that the term can be calculated in two steps: first subtract

K from Souij N and then multiply the result by (7 ) p{\(l — p{:N).
This leads to the following conclusions:

j=0

e Co(0,K) =0and C;(0,0) >0,
lim Cy(0,K) = —K.

Uy, —+oo

o If K> So(1+r)T then G (0,K) is negative for all u;,.
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e If0 < K < So(1+4r)~T then G, (0,K) has a root, u*(0) = (STO)% The func-
tion is negative for all u; > u*(0), it attains a maximum in the interval
(14 7)"/N u*[. The root and the maximum decrease as K increases.

N
0<j< —
I=3

o Colj,K) =0and C;(j,0) >0,
lim C\(j,K)=0

Uy, —+oo

(@j=N)T s :
o IfK>So(1+7) ~ then Cy(j,K) is negative for all u.

(2j—N)T

1
o If K < So(14r) then Cy(j,K) has a root, u*(j) = (&)%~. The

0
function is negative for all uy > u*(j), it attains a maximum in the interval

](1+7)"/N u*[. The root and the maximum decrease as K increases.

e Since the function converges to zero it attains a minimum in the interval
Jur () e,

, jisodd

Since Ca(j,K) = (So —K) () (pa(1 = pa))V/2,
e Cy(j,K)=0and lirr+1 G(j,K) =0.
Uy ——+o°
o The function is positive for all u; if Sop > K and negative for all u; if Sop < K.

e The function attains a maximum for u) = u* if o > K and a minimum for
uy, = u* if So < K.

N
—<j<N
2 J

e Cy(j,K)=0and lini G(j,K)=0
Uy —+o0

o If (14+7)7/N< ST

or vV (N=j)j

TINo _ N __ o qN_ ic N _
(147" > (T, and 5 < j < AT
then

@ji-mT . .. .
- IfK<Sop(l+7r) = the function is positive for all u; and attains a

maximum, larger then u*. The maximum increases as K increases.
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i 1
- IfK>So(1+r) 7 the function has a root, u*(j) = (S—If))m The

function is positive for all uy > u*(j). It attains a maximum, larger
then u*. The maximum and the root increase as K increases. It attains
a minimum, smaller then u}(;), between (1 + r)7/N and the root.

T/N N Nu* .
o (14+7r)'/" > N and AT <Jj<N

T(2j=N)

- IfK <So(1+r)" ¥  then the function is positive for all u_. It attains
a maximum and a minimum in Juy(j),u*[ . If K increases the differ-
ence between the maximum and the minimum becomes insignificant.
It also attains a maximum which is larger then u; ().

T(2j-N) . ern Ky
= If So(1+r)7 ¥ <K then the function has a root, u™(j) = (5;) 7~ ,

and is negative for all uy < u*(j). It attains a minimum, smaller then
u;(j), between (1 +r)/N and the root.

J=N

e Co(N,K) =So(1+7r)" —K and lim C,(N,K) = So(1+7r)".

Uy —oo

o If K > So(1+r)T then C)(N,K) has a root, u*(N) = (S—If))% The function
is positive for all u > u*(j). The root decreases when K decreases. The

function increases.

o IfSo(1+ r)T’% < K < So(1+7r)T then the function is positive and increas-
ing for all u;.

2T . . .. .
e If0 <K < So(1+r)T~% then the function is positive for all uy, and attains
aminimum in ](1+7)7/V u*[. The minimum decreases as K increases.
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8 Procedure for the Pricing of the European Call
Option

Suppose that K is such that Cy (j,K) is positive for all j, then the price EC(K,T)
(1) or (6) reads

X ain (N v
GiK) = W.ZO(SW —K)<j>17i(1—17x) j
L

N .
= Z wpa)’ (uy (1= o))V

K J N—j
——— ) p(1=p)"
(1+r)Tj§)

S() —1 N K
= 20 1— _
(1+T)T (MKPX_F“)\‘ ( p?\)) (1+T)T
K
= S _—_—
O (T

where in the last equality we applied (2).

This case is only possible if K < Sy, since otherwise the terms for j < N/2 are
not in the sum. If this condition is fulfilled for K, then all terms for j > N/2 are
in the sum. Therefore we concentrate on the terms with j < N/2. The expression

1
Cy.(J,K) is positive for a11 Uy, < (S V¥
The smallest root is ( ) . This root is larger then (1 + r)T/N if0 < K <So(1+

r)T/N. If, in this case,

(147N <y, <(f{)

then all terms are in the sum and C) (K) is constant for those values of u; , namely
Ci(K) = So(1+r)T/N K.
If u), increases:

So <y < (@

1
N2
(22)? )
then G (0,K) < 0 and the corresponding term is not in the sum. Thus Cy (K) =
So — (1 +7r)" T =G (0,K)(1+r)~T. Since G (0,K) is negative and decreasing
for ( )N <uy < (SO)_Z C.(K) increases for those values of u;,.
This procedure can be extended for all values of uj and K.
Finally, we illustrate the procedure by an example in the case the imprecise volatil-
ity is described by a fuzzy quantity.

-
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Let 0 < K < So(1+7r)"/N and

S
e Y0 (N
K
S0\ 1
= — )N
U (%)
So\1 So\ L
— )N, — N2
e (AR OLs]
then, by applying (7), the a-cuts of the option price are
K K G, 1)(0,K)
[So — S0 — - J-
(1+nr)T 1+t (1+nT

9 Conclusions

In the continuous Black & Scholes model, of which the binary tree model is a
discrete time version, the price of a European call option is a strictly increasing
function of the volatility, since the hedging parameter vega, i.e. the derivative of
the price with respect to the volatility, is strictly positive.

In the discrete case we studied the functional behaviour of the price in order to
model the uncertainty in the volatility. We can conclude that in the binary tree
model the price is not necessarily a strictly increasing function of the volatility.
As further research we will investigate the functional behaviour when this discrete
time model converges to the Black & Scholes model.
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